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Abstract. Small area estimation is a technique for handling a sample size not large enough 

to yield direct estimator of adequate precision. Small area typically refers to a small 

geographic area or a demographic group, such as county, municipality and age-sex-race 

group. Empirical Best Linear Unbiased Prediction (EBLUP), Empirical Bayes (EB) and 

Hierarchical Bayes (HB) are commonly used for small area estimation. EB and HB 

methods are applicable more generally to binary and count data. But EB is more difficult 

for binary data with covariates. Most of the existing small area estimation methods do not 

make use of survey weights. However, direct estimates are often survey weighted. This 

paper describes an application of natural exponential families with quadratic variance 

function (NEF-QVF) for binary data with covariates and weight to get EBLUP and EB 

estimators.   
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1. Introduction 
 When an analysis is targeted towards specific subpopulation such as county, municipality, sub 

municipality and other small domains where the sample size is not high, we run into the usual small area 

problems. There are many methods to get an estimator for small area estimation (SAE) i.e. Empirical Best 

Linear Unbiased Prediction (EBLUP), Empirical Bayes (EB) and Hierarchical Bayes (HB) (Rao, 2003).  

EB and HB methods are applicable more generally in the sense of handling models for binary and count 

data.  

 The study of Fay and Herriot (1979) was one of the first to apply linear empirical Bayes models to 

small area estimation. Others have studied the estimation of small area rates and binomial parameters 

using empirical and hierarchical Bayes approach. MacGibbon & Tomberlin (1989) proposed small area 

estimates of proportion via empirical Bayes technique for estimating census undercount for local areas 

which was based on a logistic regression model containing fixed and random effects. Malec, Sedransk, 

Moriarity and Le Clere (1997) used fully Bayes approaches to estimate proportions using data from the 

National Health Interview Survey. Farrel (2000) used a hierarchical Bayes methodology for estimating 

small area proportions, the idea consists of incorporating into a logistic regression model containing 

predictor variables, random effects which reflect the structure of the sample design. Unfortunately 

empirical Bayes technique for the logistic regression model containing fixed and random effects is quite 

cumbersome computationally (Rao, 2003). So HB method is more regular used to estimate proportion. 

 Most of the existing small area estimation methods do not make use of survey weights. However, 

direct estimates are often survey weighted. Ghosh & Maiti (2004) was develop a general methodology for 

finding empirical best linear unbiased predictors of small area means based on direct survey weighted 

estimators and natural exponential family quadratic variance function (NEF-QVF). They estimate also the 

proportion of poor children in the 5-7 years age-group for the different counties in one of the states in the 

United States. Sinha (2004) was proposed EB estimators of the small area means using general NEF-QVF 

to estimate the proportion of uninsured persons in a minority subpopulation. 

 This paper describe an application natural exponential families with quadratic variance function 

(NEF-QVF) for EBLUP and EB estimators to estimate the proportion the status of the ownership healthy 

card in 14 sub municipalities at Yogyakarta city. 
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2. Natural Exponential Families with Quadratic Variance Function (NEF-QVF) 

 Let ijy  is the response of the jth unit in the ith small area ( kinj i ,,1;,,1 KK == ), and let 

assumed that ijy  has probability function (or probability density function) belonging to the natural 

exponential family, i.e. 

 ( ) ( ){ } ( )[ ]ijijijijijijijij ycyyf ξθψθξθ ,exp +−=       (1) 

where the ijξ  are assumed to be 1, ( ) ( )
ijijijijij QyV µµυµυυθ =++= 2

210 , and 210 ,, υυυ  are not 

simultaneously zero. The variance is at most a quadratic function of the mean, and then this family of 

distribution is usually referred to as natural exponential family quadratic variance function (NEF-QVF) 

(Morris, 1982 & 1983).  

 There are six basic NEF-QVF distributions: normal, Poisson, gamma, binomial, negative binomial, 

and generalized hyperbolic secant (GHS) distributions (Morris, 1983). For the binomial distribution, 

00 =υ , 11 =υ  and 12 −=υ . For the Poisson distribution, =0υ 02 =υ  and 11 =υ . For the normal 

distribution with known variance
2σ , 

2−= σξ ij , 00 =υ  and 021 == υυ . 

  

3. Empirical Best Linear Unbiased Predictor Estimator for Binary Data 

 Let ijy  is the response of the jth unit in the ith small area ( kinj i ,,1;,,1 KK == ), and let 

∑
=

=
in

j

ijijiw ywy
1

 is variable of interest, where ijw  be the weighted attached to ijy . It is assumed that 

the weights ijw  are independent of the ijy . Suppose that the ijy  are independent and ijy  have 

probability function  belonging to the natural exponential family at equation (1), with the quadratic 

variance function structure, ( ) 2

iiiV µµµ −= , because ijy  follows binomial distribution. 

 Then, consider the conjugate prior with probability density function for 
iθ  is 

  ( ) ( ){ } ( )[ ]iiiii mcm ,exp λθψθλθπ +−=      (2) 

where ( )bxT

ii gm =  , ki ,,1 K= . Here ix  is the design vector for the ith small area, b is the 

regression coefficient and g is the link function. Then Morris (1983), 

 ( ) ii mE =µ ; ( ) ( ) ( )2υλµ −= ii mVV , ( )2,0max υλ >     (3) 

and then an empirical best linear unbiased predictor of iµ  based on iwy  (Ghosh & Maiti, 2004) is 

 ( ) iiwiwwii mryr ˆˆ1ˆˆ −+=µ         (4) 

 where ( ) 1
ˆ1ˆ

−

+= iiwr δλ , λ  is usually 0.5 and 1, ( ) ( )[ ]bxbx ˆexp1ˆexpˆ T

i

T

iim += , ∑
=

=
in

j

ijijiw ywy
1

. 

Morris (1983) proposed that 
1−== iiij nw δ .  

 

4. Empirical Bayes Estimator for Binary Data 

 Let ijy  is the response of the jth unit in the ith small area ( kinj i ,,1;,,1 KK == ), ijy  have 

probability function belonging to the natural exponential family at equation (1), with the quadratic 

variance function structure, ( ) ( )
ijijijijij QyV µµµθ =−= 2

, because ijy  follows binomial 

distribution. Assumed that the survey weight ijw  are independent of the ijy , and variable of interest is 
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the weighted small area means ∑
=

=
in

j

ijijiw w
1

µµ . The direct unbiased estimator of iwµ  is given by 

∑
=

=
in

j

ijijiw ywy
1

.  

 The first step to get EB estimators of the small area means is began with the general NEF-QVF 

family of distributions along with a conjugate prior for the canonical parameter of the exponential model, 

i.e. 

  ( ) ( ){ } ( )[ ]ijijijiij mcm ,exp λθψθλθπ +−=      (5) 

where ( )bxT

ijij gm = , kinj i ,,1;,,1 KK == , and 
ix  is the design vector for the jth unit in the  

ith small area, and g is the link function. Then Morris (1983), 

 ( )
ijij mE =µ ; ( ) ( ) ( )2υλµ −= ijij mQV , ( )2,0max υλ >     (6) 

Further, with logistic representation, ( ) ( )[ ]bxbx T

i

T

iim exp1exp += , after resulting estimator by b̂ , 

an EB estimator of ijp  (Sinha, 2004) is given by  

 ( )b̂
11

1
ˆ

ijij

EB

ij myp
+

+
+

=
λ

λ

λ
       (7) 

and then an EB estimator of ∑
=

=
in

j

ijijiw pw
1

µ is  

 ∑
=

=
in

j

EB

ijij

B

iw pw
1

ˆµ̂          (8) 

where λ  is usually 0.5 and 1. In this paper weight ijw  is assumed be
1−

ijn . 

 

5. Data Analysis 
 Binary data is used to illustrate the EBLUP and EB methods to estimate the proportion of the 

status of the ownership healthy card. The data is obtained from “Survei Sosial Ekonomi Nasional 

(SUSENAS) 2003” with information based on household and “PODES 2003” as sources of covariates 

data. The data is taken from 14 sub municipalities at Yogyakarta city. A variable of interest is proportion 

of the status of the ownership healthy card, response variable iy  is sum of household which has the 

status of the ownership healthy card in the ith sub municipality, ni is sum of household in the ith sub 

municipality.  As covariates are proportion of pre-welfare and welfare 1 household, proportion of  PLN 

electrics costumer household, and proportion of telephone customer household. 

 Analysis of the data using SAS 9.1 i.e. PROC GENMOD to get b̂ , and PROC IML to get 

estimator of the proportion of the status of the ownership healthy card. 

 

Table 1 Estimation of the proportion of the status of the ownership healthy card 

 

No. 
Sub 

Municipalities 

Sample 

Size 
yi 

Direct 

Estimator 

EBLUP 

Estimator 

EB 

Estimator 

1 Mantrijeron 32 1 0.0085 0.0087 0.0058 

2 Kraton 32 4 0.0364 0.0364 0.0244 

3 Mergangsan 64 7 0.0389 0.0389 0.0260 

4 Umbulharjo 128 4 0.0130 0.0130 0.0087 

5 Kotagede 32 8 0.0625 0.0624 0.0418 

6 Gondokusuman 112 9 0.0333 0.0333 0.0223 

7 Danurejan 32 7 0.0543 0.0542 0.0363 

8 Pakualaman 16 0 0.0000 0.0003 0.0002 

9 Gondomanan 16 6 0.1053 0.1047 0.0704 
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10 Ngampilan 16 0 0.0000 0.0005 0.0003 

11 Wirobrajan 48 2 0.0167 0.0168 0.0112 

12 Gedong tengen 32 4 0.0412 0.0412 0.0276 

13 Jetis 48 6 0.0373 0.0373 0.0249 

14 Tegalrejo 64 13 0.0644 0.0643 0.0430 

 
Table 1 show that each sub municipality has a small number of proportions. It means most household 

does not have the healthy card. In Pakualaman and Ngampilan sub municipalities have zero data for sum 

of household which has the status of the ownership healthy card, so direct estimators is zero, but EBLUP 

and EB methods can perform the estimator values. 
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Figure 1. Proportion of the ownership of healthy card based on direct, EBLUP and EB estimators 

 

Figure 1 shows proportion estimates form a variety method, EBLUP estimators is more closed to the 

direct estimators than EB estimators.  

 

6. Conclusions 
 There are a number of problems with NEF-QVF for estimates the proportion using EBLUP and EB 

describe here. The weight determination is necessary to find out for EB estimators. A comparison for 

direct, EBLUP and EB estimators can be done by calculated mean square error from each method. 
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